Abstract. This paper is concerned with a singular elliptic system, which involves the HardySobolev critical nonlinearity. The existence and multiplicity of solutions for this system are obtained by the variational methods.
Introduction
The aim of this paper is to establish the existence and multiplicity of solutions to the following semilinear elliptic system 
is the Hardy-Sobolev critical exponent. Note that
In the case μ = 0 , problem (1.1) is related to the well known Caffarelli-KohnNirenberg inequalities in [4] , .
For particular constants and extremal functions, see [6] . As b = 1 + a and p = 2 in (1.2), we have the following weighted Hardy inequality [6, 7] ,
When a = 0, (1.3) becomes the well known Hardy inequality,
By using the inequality (1.2) and the boundedness of Ω, it was proved in [15] that there exists C > 0 such that
, which is known Caffarelli-KohnNirenberg's inequality. In other words, the embedding
Moreover, this embedding is compact if
which ||u|| is equivalent to the usual norm of H 1 0 (Ω, |x| −2a ), resulting from (1.3). We can also define the best Hardy-Sobolev constant:
(1.5)
Modifying the proof of Theorem 5 in [1] , we can easily deduce that
where
Here are the main results of this paper.
and F satisfies:
Assume that 
Assume that (1.7) holds. Then there exists λ * > 0 such that the problem (1.1) possesses one positive solution for every λ ∈ (0, λ * ).
For example, in the following, it holds that the conditions (H1)-(H4) and (H1')-(H4') of Theorems 1 and 2 holds:
∂ v it is obvious that the (H1) and (H1') hold true. We know that sin(u) cos(u) for u ∈ (0, γπ 2 ]; therefore, (H2) and (H2') hold true. By the inequality sin(u) u , if we get p 1 = θ + 1 and p 2 = γ + 1; then (H3) and (H3') hold true with p i (i = 1, 2) in the certain interval. By the Mountain-Pass Theorem, we can show that a given functional F having a local extremum, so (H4) and (H4') hold true.
In recent years, much attention has been paid to the existence of nontrivial solutions for the singular elliptic problems concerning the operator u − μ u |x| 2 (0 μ < μ ) with Sobolev critical exponents (the case that a = b = 0) (see [5, 6, 8] and their references). Some authors have also studied the singular problems with Hardy-Sobolev critical exponents (the case that a = 0, b = 0) (see [9, 10, 11, 12, 13, 16] ). Since the embedding
is not compact, the corresponding energy functional does not satisfy the (PS) condition globally, which caused a serious difficulty when trying to find critical points by standard variational methods. However, we use argument of Brezis and Nirenberg [3] to verify that the associated functional satisfies the Palais-Smale condition on a given interval of the real line.
In this work, motivated by the above works we are interested to study the problem (1) by using the Mountain-Pass Theorem due to Rabinowitz [14] . This paper is divided into three sections, organized as follows. In Section 2, we establish preliminaries and some elementary results. Finally, in Section 3, we prove our main results (Theorems 1 and 2).
Preliminaries
Let u ± = max{±u, 0} . The corresponding energy functional of problem (1.1) is defined by
. Now, it is well known that there exists a one to one correspondence between the weak solutions of problem (1.1) and the critical points of J on H . More precisely, we say that (u, v) ∈ H is a weak solution of problem (1.1), if for any (ϕ 1 , ϕ 2 ) ∈ H , there holds
Suppose that (H1)-(H3) and (1.7) hold. Then the functional J satisfies the (PS) c condition for all
Together (H2), we get as n → ∞ the following:
Hence, we conclude {(u n , v n )} is a bounded sequence in H and there exists (u, v) such that (u n , v n ) (u, v) up to a subsequence. Moreover, we may assume
a.e. on Ω.
By (H1) and (H3), there exists a positive constant M > 0 such that
Now, by absolutely continuity of integral, for any ε > 0, there exists δ = ε 2M > 0, when E ⊂ Ω, mes(E) < δ , we have
Hence, by (2.1), we have
Thus, Ω F(x, u + n , v + n )dx, j ∈ N is equi-absolutely continuous. It follows easily from Vitali Convergence Theorem that
as n → ∞. Using the same methods, we can prove that
as n → ∞. Hence, we have J (u, v) = 0 by the weak continuity of J . Let u n = u n − u ,
By the Brèzis-Lieb lemma [2] , we obtain
and
Now, by (2.2), (2.3) and (2.4), we have
It derives from (2.6) that
Together with (H2), we can conclude that
From (2.5) and (2.6), we have
Let us prove that ||( u n , v n )|| → 0 as n → ∞. Otherwise, there exists a subsequence (still denoted by ( u n , v n )) such that
From definition of A a,b,μ (Ω), we obtain
which contradicts (2.7). Therefore, we get
The author in [11] proved that, for:
A a,b,μ is attained when Ω = R N by the functions
for all ε > 0, where γ μ −a−β . Moreover, the functions y ε (x) solve the equation
The author in [9] proved that 10) and
2 , and a b < a + 1.
Suppose that (H1)-(H4) hold. Then there exists
for every λ ∈ (0, λ * 1 ).
Proof. Let u = √ αv ε and v = β v ε , then we consider the functions
is attained for some t ε > 0 . Since (H2) and
we have
Therefore, by the last inequality, we can write
by the continuity of F , we can write,
Together with (2.18), we deduce that
On one hand, from (2.10), we get
On the other hand, the function g(t) attains its maximum at t 0 ε and is increasing the interval [0,t 0 ε ], together with (2.11), (2.15), (2.19) and (2.20), we deduce that
By the definition of ρ in Theorem 1, we obtain that By Lemma 1 there exists a subsequence of {(u n , v n )} , still denoted by {(u n , v n )} , such that (u n , v n ) → (u, v) strongly in H . Thus, we get a critical point (u, v) of J satisfying ( 
